We calculate the energies of quarkonium bound states in the presence of a medium of nonzero isospin density using lattice QCD. The medium, created using a canonical (fixed isospin charge) approach, induces a reduction of the quarkonium energies. As the isospin density increases, the energy shifts first increase and then saturate. The saturation occurs at an isospin density close to that where previously a qualitative change in the behaviour of the energy density of the medium has been observed, which was conjectured to correspond to a transition from a pion gas to a BoseEinstein condensed phase. The reduction of the quarkonium energies becomes more pronounced as the heavy-quark mass is decreased, similar to the behaviour seen in two-colour QCD at non-zero quark chemical potential. In the process of our analysis, the η b -π and Υ-π scattering phase shifts are determined at low momentum. An interpolation of the scattering lengths to the physical pion mass gives aη b ,π = 0.0025(8)(6) fm and aΥ,π = 0.0030(9)(7) fm.
I. INTRODUCTION
An important probe of exotic phases of QCD matter is the way in which heavy quarkonium propagation is modified by the presence of that matter. The heavy quarks can in some sense be viewed as separable from the medium which is predominantly composed of light quark and gluonic degrees of freedom. At non-zero temperature, the suppression of the propagation of J/ψ particles is a key signature for the formation of a quark-gluon plasma [1] . This suppression has been observed for charmonium in various experiments at SPS, RHIC and the LHC and recently in the Υ spectrum at the LHC [2] . Quarkonium propagation is naturally also expected to be a sensitive probe of other changes of phase such as those that occur at high density or large isospin density.
Since the effects of QCD matter on quarkonia are essentially non-perturbative in origin, a systematic evaluation requires input from lattice QCD. At some level, these effects can be distilled to a change in the potential between the quark-anti-quark (QQ) pair that binds them into quarkonium. At non-zero temperature but zero density, this has been studied extensively using lattice QCD (see Ref. [3] for a recent overview) where strong screening effects are seen near the deconfinement scale. Significant effects are also seen in investigations of the properties of charmonium and bottomonium spectral functions at non-zero temperature (see [3, 4] ).
Modifications of the potential or quarkonium properties will also occur for non-zero density. Ref. [5] has investigated the static potential in the presence of a gas of pions and below we briefly address how the medium affects the binding of quarkonium through solving the Schrödingier equation for the modified potential. As the main focus of this work, however, we explore the effects of isospin charge density on quarkonium bound state energies more directly by using lattice NRQCD (non-relativistic QCD) to compute quarkonium correlation functions in the presence of a medium of varying isospin chemical potential. At low isospin densities, and correspondingly low chemical potentials, we find that the ground state energy of the quarkonium systems decreases with increasing density, showing qualitative agreement between the potential model calculation and the QCD calculation. However, at an effective isospin chemical potential µ I ∼ µ I,peak = 1.3 m π (where previous calculations of the energy density of the isospin medium have suggested a transition to a Bose-Einstein condensed state [6] in line with theoretical expectations [7] ), the effect of the medium on the quarkonium energy appears to saturate to a constant shift. At large isospin densities, the determination of the energy shift becomes statistically noisy.
Our study is presented as follows. In Section II, we construct an isospin density dependent potential model of quarkonium states, and calculate the expected shift of the quarkonium energies in the medium. Section III presents the methodology of the lattice QCD calculation of these energy shifts, with results presented in Sections IV and V. We conclude with a discussion of the results and possible extensions to the current work.
II. MODIFICATION OF THE STATIC QUARK-ANTI-QUARK POTENTIAL
Here we briefly review the results obtained in Ref. [5] on the screening of the static potential by a pion gas and ascertain the expected effects of these modifications on quarkonium spectroscopy. Ref. [5] presented a sophisticated calculation of the static quark-anti-quark potential in a pionic medium as a function of the separation of the QQ pair, r, and as a function of the isospin charge, n, of the medium. This required measurement of Wilson loops of various extents in space and in time and to obtain signals for large loops, different levels of HYP (hypercubic) smearing [8] were used in overlapping regions of r, complicating the analysis. As will be discussed below, constructing appropriate ratios of correlation functions was also critical in order to obtain statistically clean measurements. The central results of this work were that the potential is screened by the presence of the medium and that this screening effect is small. For the relatively low pion densities investigated in Ref. [5] , the dominant effect corresponded to a change in the potential in the linearly rising region that was approximately linearly dependent on both r and n. This form, δV (ρ I , r) = α ρ I r, corresponds to the physical expectation of a gas of weaklyinteracting pions permeating a flux-tube of constant radius between the static quark and anti-quark, and is a picture in which the appearance of the isospin density, ρ I , is natural. Performing a correlated fit to the results presented in Ref. [5] using this form, we are able to describe the data well, as shown in Fig. 1 , and find that α = −8(3) MeV fm 2 . This result is for a pion mass of m π ∼ 320 MeV [5] .
To estimate the effects on quarkonium spectroscopy, we use the Cornell potential V Cornell (r) = −(4/3)α s /r + κ r with α s = 0.24 and √ κ = 468 MeV (values fixed in vacuum from Ref. [9] ) and augment it with the small screening shift discussed above. We then solve the radially symmetric Schrödinger equation numerically for angular momentum and reduced mass m red = m/2 (where m is the heavy-quark mass),
to establish the wave functions and eigenstate energies for the various quantum numbers. The energy shift is then defined simply as the difference of the resulting energy from that where δV (ρ I , r) is omitted. We calculate this shift for both the 1S and 1P states and various different values of the heavy-quark mass as shown in Fig. 2 . We note that one could use only the Cornell potential to determine the wave functions and include the additional small shift from the screening as a perturbation, calculating
where u (0) (r) are the solutions to Eq. (1) when δV (ρ I , r) is omitted. As the shift is small, we expect this will give consistent results.
Since P -wave states are more extended in size, they probe regions of the potential where the shift is larger and consequently we find that the energy shift is larger for these states than for the S-wave states. The effect also increases as the heavy-quark mass decreases, again because of the larger size of the lighter systems.
In the following, we determine quarkonium eigenenergies in (NR)QCD at non-zero isospin density and investigate to what extent they are predicted by the potential model described above based on a screening pion gas.
III. LATTICE METHODOLOGY A. Lattice details
In this study, we make use of anisotropic gauge configurations generated by the Hadron Spectrum and NPLQCD collaborations. The full details of the action and algorithms used to generate the configurations are discussed in the original works, Refs. [10, 11] ; here we summarise the salient features of the configurations and the measurements that we perform. A tree-level, tadpoleimproved gauge action [12] , and n f = 2 + 1 flavour clover fermion action [13] are used. Two levels of stout smearing [14] with weight ρ = 0.14 are applied in spatial directions only in order to preserve the ultra-locality of the action in the temporal direction. The gauge action is constructed without a 1 × 2 rectangle in the time direction for the same reason. In this study, we make use of a single spatial lattice spacing, a s = 0.1227(8) fm [11] and have a renormalised anisotropy of ξ = a s /a t = 3.5, where a t is the temporal lattice spacing. We also work at a single value of the light-quark mass for this exploratory investigation and use a strange-quark mass that is close to its physical value; these values correspond to a pion mass of m π ∼ 390 MeV and a kaon mass of m K ∼ 540 MeV. For these parameters, we investigate three different ensembles, corresponding to different physical volumes and temporal extents as shown in Table I . The different physical volumes allow us to access a large range of isospin densities in our study, and the different temporal extents provide control of thermal effects as discussed in Ref. [6] . On these gauge configurations we calculate correlation functions involving light quarks and use the colourwave propagator basis introduced in Ref. [6] , fixing to Coulomb gauge and using plane-wave sources and sinks for a range of low momenta (N mom in total on each ensemble, see Table I ). For each case, we calculate lightquark propagators on N cfg configurations from N src timeslices, equally spaced throughout the temporal extent. Details of the NRQCD heavy quark propagator calculations are discussed below.
B. Multi-pion lattice correlators
In order to produce the medium that will modify the propagation of the quarkonium states, we use the canonical approach of constructing many-pion correlation functions that is described in detail in Ref. [6] , using meth- ods developed there and in earlier works [15] [16] [17] [18] [19] . As discussed therein, correlators of a fixed isospin charge, n = N i=1 n i , and total momentum, P f , making use of N sources, are given by
where P f = n i=1 p fi , and, for momentum conservation,
In what follows, we will set P f = 0 but the p fi and p i 1,2 take various values subject to these constraints; different choices of the momenta defining the interpolating operators will have different overlap onto the eigenstates of the chosen P f but provide additional statistical resolution in the determination of the energy of the system.
To construct these correlation functions, we work in Coulomb gauge and compute light-quark colourwave propagators
where
is a solution of the lattice Dirac equation:
The contractions implicit in Eq. (3) can be written in terms of a matrixÃ, the 12 × 12 sub-blocks of which are given bỹ
where k, i label the source and sink, and the dependence on p C n1,··· ,n N for a given n = N i=1 n i are the coefficients of the expansion of
and can be computed efficiently using the methods of Ref. [6] . The different C n1,··· ,n N for a given n occur in complicated combinations in this expansion, however we are explicitly only interested in the energies of the system, so the particulars of the combination are irrelevant.
These correlators have been studied in detail in previous work [6] and we do not present them again here. As investigated in detail in Ref. [6] , many-pion correlations contain thermal contributions in which parts of the system propagate around the temporal boundary. In our choice of fitting ranges in the analysis presented below, we are careful to remain away from the regions in Euclidean time that are contaminated by either excited states or by these thermal effects. 
C. NRQCD for quarkonium correlators
To implement the heavy quarks in our quarkonia systems, we use a lattice discretisation of non-relativistic QCD (NRQCD). Since our light quark and gluon degrees of freedom are defined on an anisotropic lattice, we require lattice NRQCD [20, 21] formulated on an anisotropic lattice as first set out in Ref. [22] . As the nonrelativistic nature of the theory already separates space and time, using a temporal lattice spacing that differs from the spatial lattice spacing is a very natural choice for NRQCD. Anisotropic lattice NRQCD has been used for example to calculate the spectrum of quarkonium hybrid states [23, 24] , and recently also to study quarkonium at non-zero temperature [4, 25] .
The Euclidean action for the heavy quark field, ψ, can be written as
where K(t) is the operator that evolves the heavy-quark Green function forward one step in time. Here we use the form
where U 0 are the temporal gauge links. In this expression,
is the order-v 2 term in the NRQCD velocity expansion, and δH is a correction term given by
(the notation is as in Ref. [26] ). The operators with coefficients c 1 through c 4 are the relativistic corrections of order v 4 , and the operators with coefficients c 7 through c 9 are the spin-dependent relativistic corrections of order v 6 . The operator with coefficient c 5 removes the ordera 2 s discretization error of H 0 , and the operator with c 6 removes the leading order-a t error in the time evolution. Four-fermion operators, which arise beyond tree-level in the matching to QCD, are not included. We set the coefficients of the spin-dependent order-v 4 terms to c 3 = 1.28 and c 4 = 1.05 to achieve the best possible agreement of the bottomonium 1P and 1S spin splittings in vacuum with the experimental values. We use the tree-level values c i = 1 for the other matching coefficients. For tadpole improvement [27] of the derivatives and field strengths, we set u 0s equal to the 4th root of the spatial plaquette (see Table I ), and set u 0t = 1.
To avoid instabilities in the time evolution with the operator in Eq. (8), the parameter n must be chosen such that max[a t H 0 /(2n)] < 2 [21] . On an anisotropic lattice, this requires
(interactions with gluons weaken this requirement slightly [21] ). In this work, we set the bare heavy-quark mass to a s m = 2.75 (which is near the b quark mass) as well as to the lower values a s m = 2.0, 1.5, 1.2. Because we have ξ = 3.5, a stability parameter of n = 1 is sufficient in all cases.
When using NRQCD, all quarkonium energies are shifted by an unknown constant (which is approximately equal to two times the heavy-quark mass). This shift is state-independent and cancels in energy splittings as well as in differences between energies extracted at zero and non-zero isospin density. For the purpose of tuning the heavy-quark mass, we measure the kinetic masses of the η b and Υ states, defined as
with one unit of lattice momentum, |p| = 2π/L. The spin-averaged values of the 1S kinetic masses,
kin )/4 computed on the 16 3 ×128 ensemble (at ρ I = 0), are given in Table II . As a check of discretization errors, we have also calculated the kinetic masses using larger lattice momenta. For example, the kinetic masses computed using |p| = 2·2π/L differ from those computed using |p| = 2π/L by only 0.4% at a s m = 2.75 and by 2% at a s m = 1.2. In the main calculations of this work, we use zeromomentum smeared quarkonium interpolating fields of the form
at the sink and
at the source. Here, χ is the heavy anti-quark field and Γ(r) is the smearing function, which is a 2 × 2 matrix in spinor space. Note that antiquark propagators can be obtained from quark propagators through
The quantum numbers of the quarkonium interpolating fields considered in this work are listed in Table III . To optimize the overlap with the 1S and 1P ground states we use wave functions from a lattice potential model (see Appendix D of Ref. [26] ) in the construction of Γ(r) (as already mentioned in the previous section, the gauge configurations are fixed to Coulomb gauge). The heavy-quark mass used in the potential model is adjusted to match the mass used in the lattice QCD calculation. We use Γ(x) as the source for the quark propagator and a point source for the antiquark. At the sink, the convolution in Eq. (13) is performed efficiently using fast Fourier transforms.
In order to reach the high statistical accuracy needed to extract the small effects of the isospin charge density, we compute quarkonium two-point functions for 64 different spatial source locations (distributed on a cubic sub-lattice with spacing L/4) on each of the source time slices, and average over these source locations. Examples of free quarkonium two-point functions with the smearing technique discussed above are given in Figs. 3 and 4 . Note that ground-state plateaus are reached already at a distance of ∼ 0.4 fm in Euclidean time, which demonstrates the efficiency of the smearing technique used here.
In Table IV , we show results for the bottomonium spectrum in vacuum, from the 16 3 × 128 ensemble at a s m = 2.75. To extract the energies of the 2S states, we included additional quarkonium interpolating fields with the φ 2S (r) smearing in the basis. The lattice results for the energy splittings are in good agreement with experiment, confirming the successful tuning of the parameters in the NRQCD action. The remaining discrepancies are in line with the expected systematic errors (e.g. discretization errors, missing radiative and higher-order relativistic corrections in the NRQCD action, and the unphysical pion mass). [28] . The experimental results for the h b (1P ) and η b (2S) masses are taken from Ref. [29] , and the experimental η b (1S) mass is the weighted average of the results from Refs. [29] [30] [31] [32] , with a scale factor of 1.9 for the uncertainty (following the PDG procedure for averages).
D. Correlator ratios for energy shifts
To investigate the effect of the medium on quarkonium propagation, we consider the correlators
where . . . denotes path integration via the average over our ensembles of gauge configurations, and the interpolators O † nπ + and O † bb produce the quantum numbers of n-pion and bb states as discussed in the preceding sub-sections. States with the combined quantum numbers of the given quarkonium state (bb = η b , Υ, h b , χ b0 , χ b1 , χ b2 ) and the n-pion system propagate in this correlator and naturally, the spectrum of this system is different from the sum of the spectra of n pions and of quarkonium because of interactions. At Euclidean times where only the ground state of the system is resolved (after excited states have decayed and before thermal states are manifest), this correlator will decay exponentially as C(n; bb; t) −→Z n;bb exp(−E n;bb t) ,
where E n;bb is the ground-state energy of the combined system. To access the change in the quarkonium energy as a function of isospin density or chemical potential, we further construct the ratios
Since the two terms in the denominator decay exponentially at large times as exp(−E bb t) and exp(−E nπ + t) respectively, the ratio will behave as R(n; bb; t) −→ Z n;bb exp(−∆E n;bb t) + . . . ,
where ∆E n;bb = E n;bb − E nπ + − E bb is the quantity of central interest in our investigation. As a check of our methods, we constructed ratios in which we artificially removed the correlations between the bb system and the many-pion state by evaluating c C bb (c)C nπ (c + δc), where C X (c) represents the correlation function for the quantity X measured on configuration c, and δc is either a constant displacement or a random shift. In both cases, the removal of the correlation eliminates the signal for an energy shift. This is shown for the η b with n = 5 in Fig. 5 for random shifts, and the same qualitative effect is seen for all choices of the density and quarkonium state that are considered.
IV. QUARKONIUM-PION SCATTERING
The quarkonium state in the presence of a single pion allows us to study the scattering phase shift of this twobody system using the finite-volume formalism developed by Lüscher [33, 34] . The S-wave quarkonium states we consider have angular momentum J = 0, 1 and define the total angular momentum of the entire system since the pion is spin-zero. Since the pion and bb states have different masses, the appropriate generalisation of the Lüscher relation to asymmetric systems [35] is required. We can define a scattering momentum p through the relation
where M bb ≡ M bb kin is the kinetic mass of the bb state. The energy shifts ∆E bb,π are extracted from fits to the ratios R(1; bb; t); see Sec. V A for details of the fitting method and the results for ∆E bb,π .
The scattering momentum then determines the eigenvalue equation
that is satisfied by the bb-π scattering phase shift, δ bb,π (p), at the scattering momentum.
Since we have three different lattice volumes, we can extract the phase shift at multiple momenta. In Figure  6 , we show the phase shifts that we extract for the η b -π and Υ-π scattering channels. These interactions necessarily vanish in the chiral limit as the quarkonium states are chiral singlet objects [36] . We therefore expect only small scattering phase shifts at the quark masses considered in our study. The measured values of the S-wave phase shifts are given in Tables V and VI, while P -wave states we are unable to extract statistically meaningful results. Since the measured scattering momenta are small, it is possible to perform a fit to the effectiverange expansion,
to extract the scattering length and effective range for these interactions. This extrapolation is shown in Fig. 6 and results in m π a η b ,π = 0.039 (13) and m π r η b ,π = 4.7(3.7) for the η b state, and m π a Υ,π = 0.047 (14) and m π r Υ,π = 5.8(3.3) in the case of the Υ, both channels corresponding to a weak attractive interaction. The pion-quarkonium scattering length depends approximately quadratically on the pion mass [37] [38] [39] , and hence we can estimate the scattering length at the physical pion mass as
where a bb,π is our lattice result for the scattering length at m π = 390 MeV. This gives
where the first uncertainty is statistical and the second uncertainty corresponds to missing higher-order corrections to Eq. (23), which we estimate to be smaller than the leading-order term by a factor of m π /(4πf π ) ≈ 0.24. Related lattice QCD calculations of charmoniumpion scattering lengths were reported in Refs. [37] [38] [39] , and model-dependent studies of quarkonium-pion interactions can be found in Refs. [40] [41] [42] [43] . In general, similarly small attractive interactions were found there. 
V. ISOSPIN DENSITY DEPENDENCE OF QUARKONIUM
For larger isospin charge, we interpret the system of pions in terms of a medium of varying isospin charge density once the ground state is reached. In the correlators C(n; bb; t), the quarkonium state exists in this medium, interacting with it. We consider first the S-wave quarkonium states as they are statistically better resolved than P -wave states.
A.
S-wave states
The correlators C(n, bb, t) are shown in Fig. 7 for bb = Υ at representative values of the isospin charge and for a s m = 2.75 on the 20 3 × 256 and 16 3 × 128 ensembles. The in-medium correlators on the 20 3 × 256 ensemble exhibit a long region of Euclidean time in which they decay as a single exponential. This region overlaps with the regions in which the multi-pion correlators and the individual quarkonium correlators are saturated by their respective ground states. This gives us confidence that by considering the correlator ratios of Eq. (17) we can legitimately extract the quarkonium energy shifts in medium. On the ensembles with T = 128, thermal contamination is more significant and restricts the range of useful time-slices, particularly for large isospin charge. The correlator ratios, R(n, bb; t), discussed above, are shown for both Υ and η b at a heavy quark mass a s m = 2.75 on the 20 3 × 256 ensemble for a range of different isospin charges, n = 6, 12, and 18, in Figs. 8 and 9 along with fits to time dependence using Eq. (18) . Fits are performed over a range of times where both the individual multi-pion correlation functions and quarkonium correlation functions exhibit ground-state saturation and are free from thermal (backward propagating) state contamination. This is ensured by choosing the central fit range [t min , t max ] such that a fit over the range [t min −5, t max +5]
has an acceptable quality of fit. On the 20 3 × 256 ensemble, we choose t min = 20 and t max = 60, beyond which thermal contributions are apparent. For the ensembles with T = 128, we choose t max = 40. Statistical uncertainties are estimated using the bootstrap procedure. To estimate the systematic uncertainties of the fits, we calculate the standard deviation between the three energies extracted from fits with the ranges [t min − 5, t max Table VII . For larger values of n, the energy shifts become noisier and we limit our analysis to the range of isospin densities where a successful fit could be performed for a given ensemble. To summarise the analysis of the correlator ratios for the S-wave quarkonium states, Fig. 10 shows the isospin density dependence of the energy shifts, ∆E n;bb , for both the Υ and η b channels. Figure 11 additionally shows the derivative d(∆E)/dρ I , approximated by the finite difference (∆E n;bb − ∆E (n−1);bb )L 3 , taking into account the strong correlations between the energies at different n. Results are presented for the ranges of isospin charge density where a statistically meaningful extraction of the energy shift can be made. As can be seen in Fig. 10 , there is a significant negative energy shift for much of the range of isospin density that we have investigated. The magnitude of this shift first increases as the isospin density is increased, before flattening off at a value of about 3 MeV and possibly decreasing for large ρ I , albeit with increasing uncertainty. A consistent picture is found from the derivatives shown in Fig. 11 . It is interesting to note that the saturation occurs at the point at which a marked change in the energy density of the many-pion system was observed in Ref. [6] , and is likely caused by the changing nature of the screening medium at this point. The increase of the energy shift at low densities is in line with the expectations of the potential model discussed earlier, but the energy shift is numerically larger than in the model (note that the potential model was based on lattice results for the screening of the static potential at m π ∼ 320 MeV [5] , whereas the present NRQCD calculations were done with m π ∼ 390 MeV). The saturation effect was not predicted by the model; since the model was developed using the measured shifts in the potential in the low density region, so this is not surprising.
We have performed these calculations for all three ensembles of configurations but have only been able to access a limited range of densities with the current statistical precision. The 16 3 × 128 ensemble provides the largest density range. The results from all of the ensembles are consistent in the region in which they overlap. The zero-crossings of the derivatives in Fig. 11 on the 24 3 × 128 ensemble are at a slightly lower isospin density than on the other two ensembles, but the difference is not significant.
We also consider the shifts in the splitting between the η b and Υ energies in medium as a function of the density. We extract these shifts by calculating the correlated differences between the individual energies using the bootstrap method. A summary of the isospin charge dependence of this splitting is shown in Fig.12 . It can be seen that the Υ energy is shifted slightly more than the η b energy by the presence of the medium.
B.
P -wave states
We also analyse the lowest-energy P -wave quarkonium states, h b , χ b0 , χ b1 and χ b2 , in medium. We find that we cannot resolve differences between the medium effects for these different states and so consider a spin average of their energies. In order to extract the spin-averaged inmedium energy shift ∆E n;1P = 3 12 ∆E n;h b + 1 12 ∆E n;χ b0 + 3 12 ∆E n;χ b1 + 5 12 ∆E n;χ b2 ,
we construct the following product of fractional powers of the individual ratios, R(n, 1P ; t) = R(n, h b ; t) 3 12 R(n, χ b0 ; t) 1 12 ×R(n, χ b1 ; t) 3 12 R(n, χ b2 ; t)
which at large t will behave as R(n, 1P ; t) −→ Z n;χ b0 Z 3 12 n;χ b1 Z 5 12 n;χ b2 exp(−∆E n;1P t).
(27) We also consider the analogous S-wave spin-average combination R(n, 1S; t) = R(n, η b ; t) 
Since the P -wave quarkonium correlators are themselves statistically noisier than the S-wave correlators (see Figs. 3 and 4) , the precision with which we can extract the P -wave energy shifts is reduced. Figure 13 shows representative correlator ratios R(n, 1P ; t), and Fig. 14 3 × 128 ensemble were too noisy. The potential model expectation is that the P -wave shift will be larger than the S-wave shift, and our lattice results confirm the expectation. In the lower panel of Fig. 14 we show the correlated differences between the spin-averaged P -wave and S-wave energy shifts.
C. Heavy-quark mass dependence
As discussed in Section III C, we have performed calculations for four different values of the heavy-quark mass, a s m, ranging from the bottom-quark mass down to ∼ 1.5 times the charm-quark mass. The analysis of the in-medium correlators and ratios is very similar for all masses and we do not present it in detail. To investigate the variation of the energy shifts as a function of the heavy-quark mass we compute ∆E n,bb (a s m)− ∆E n,bb (a s m = 2.75) using the bootstrap method. Because of correlations between the measurements for different values of the heavy-quark mass, this provides a more statistically precise determination of the difference than would be evident from a naive comparison. Figure 15 shows these energy differences for the different values of a s m. It is apparent that the strength of the energy shift in both η b and Υ increases as the heavyquark mass decreases, in line with expectations from the potential model discussed above. Since the quarkonium states for lower heavy-quark masses are physically larger, they probe regions of larger quark-anti-quark separation where the potential shift is more significant.
VI. DISCUSSION
Heavy-quark bound states provide an important probe of the properties of a medium and have been used in this work to investigate systems of large isospin charge density created by many-pion correlators. Specifically, we have used lattice QCD to investigate how the presence of this medium modifies the NRQCD energies of various quarkonium states. Our calculations make use of ensembles of lattices with three different physical volumes at a single lattice spacing and at a single light quark mass corresponding to m π ∼ 390 MeV. We have found a measurable decrease in the energy of both the η b and Υ states and in the spin-averaged P -wave energy. This decrease grows as the isospin charge increases before flattening at a charge density at which Ref. [6] previously observed strongly non-monotonic behaviour of the energy density of the medium. The saturation of the energy shift provides further support to the conjecture that a transition from a pion gas to a Bose-Einstein condensate of pions occurs at this point. In the region of low isospin density, the energy shift shows an increase with the density, as expected from a potential model augmented with the hadronic screening effect found in Ref. [18] , but the effect is larger than predicted by the model.
We have investigated how the observed energy shifts depend on the mass of the heavy quark-anti-quark pair, finding an enhanced effect for lighter masses. Given the phenomenological interest in J/Ψ suppression in medium, it will be interesting to investigate the analogous behaviour in the charmonium sector using alternative formulations of the heavy-quark action more appropriate for the charm quark. However, this is beyond the scope of the current work.
A similar study of NRQCD quarkonium correlators in QC 2 D (two-colour QCD) at non-zero quark chemical potential was recently presented by Hands et al. in Ref. [44] . In contrast to QCD with three colours, in QC 2 D, the addition of a quark chemical potential does not result in a complex action and numerical calculations can be performed efficiently [45] [46] [47] . In Ref. [6] it was pointed out that the phase structure of QCD at nonzero µ I has an intriguing similarity to that of QC 2 D at nonzero quark chemical potential. It is apparent that the similarities persist to the case of quarkonium energy shifts in medium as an at least qualitatively similar dependence on the charge density/chemical potential is observed in the twocolour QCD case. Recent work [48] [49] [50] has probed the connections between different gauge theories with nonzero (isospin) chemical potentials and, as the extent of this similarity is surprising, this warrants further investigation.
Finally, by looking at quarkonium-pion correlation functions on three different volumes, we have extracted the η b -π and Υ-π scattering lengths. Our results, interpolated to the physical pion mass, are a (9)(7) fm.
